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Bounded structured quantum search for 3-SAT
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—— Abstract

The most famous quantum search algorithm is Grover’s algorithm [2]. This algorithm makes an
unstructured search to find the solution to the problem in time \/N where N = 2" and n is the
number of qubits. As in classical computing, in quantum computing we can take advantage of
the structure of the problem to make searches faster as it can be seen in [1]. The contribution of
this paper is mainly focused on dealing with constraints over the problem domain with the aim of
improving the efficiency of these quantum searches.
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1  Structured quantum search in 3-SAT

A Boolean satisfiability problem stands for determining whether a truth assignment to the
variables of a given Boolean formula f(z,_1,...,%o) exists. The size of the problem is usually
the number of different variables appearing in the formula to be studied. The searching
domain grows exponentially as 2 where n is the number of different variables. This problem
domain can be seen as a binary tree where each floor represents a new variable included and
branches are either True or False.
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Figure 1 SAT problem domain in binary tree structure

B Structured Quantum searching is somehow inspired on both usual Backtracking and on
;s former Grover’s algorithm to amplitude amplifying solution states. The Boolean function
s to be satisfied, in order to keep the condition of ’live node’, at each floor of the binary tree
55 is just a formula made of a subset of the former set of clauses f(x,,—1,...,%) in which all
s the literals belong to this floor. This way allows the binary tree only being unfolded on the
s branches corresponding to ’live nodes’. We can state that the number of iterations to perform
s all the above are:

First search level (j = 0) 2;/21
30 kij ~ q Intermediate search levels 13:/;]

Last search level (i=n—1) 2n—J

w0 Where i is the level at work for Grover’s, j es the level of the previous search and M; is the
s amount of possible solutions at i*" level.

a2 Once all these Grover’s searches have been performed (gathered by an operator called U)
s 71 iterations of the following circuit are required:

. ((2U [0®™) (0| UT — 1) - Oracle)”

IS

ss This r number of iterations, assuming [ levels of searching, is:

46 T =

Mil—1
i )

s Where 4;_; is the level before the last and M/ is the total number of solutions of the

IS

s corresponding 3-SAT problem.
a9 Therefore the total number of iterations is given by:

Iterations = r - (Z k”>

o
S
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The resulting quantum circuit would remain this way:

n-1 10 WH Hee+ob— HHMD-+-DHH —
i3 10) WH OO o QTR
i+2 o) e I R 1< 8 8l
i+1 ) — 5 e Y - 1t R
i 0) [HH HHHD—+DH - - i OHHH —
. SOk . : 1O+ OfF
H H H H HE H (3 (3 . ] H
i+s 0 W R RE— IHUT e+ 0mH U
3 Ml 8 S
it2 o) (HH s (HHHD+-CDAH] g S -1H D H —
i+l (o) HH § MRS N i80Stk
i 0 by DO § I e
M H Q H :::; . [ H
20— E oo ¢ A
1 0) —{HF1S FHHKD1€DIH] FHD—CotH —
o SO FHOTSE

Figure 2 Structured quantum search circuit

Section 3 includes an example of this algorithm performing over a 15-variables 3-SAT
problem.

2 Bounded search

Similarly to the ordinary quantum Grover’s algorithm (non-structured search), the algorithm
we are dealing with, also depends in an strong way on the size of the search domain. As
expected, reducing the search domain speeds the search up in a remarkable way.

This section is devoted both to pursuit this idea and to estimate to what extent the
saving on the number of iterations would be affected.

This first modification consist of instead of superposing all the range of states in each
subspace, just reducing this range which, of course, will reduce the number of iterations at
this point.

Firstly, we modify /reduce the amount of qubits superposed at the beginning which also
reduces the inversion about the mean part.

For this task a sort of initial random superposition operator Ug, will be built as defined in
[3]. Afterwards, the new Inversion about the mean operator will be (2U5i |0®™) (097 Uk; — I)

so generating the circuit:

Ul

i

+
Z

SPRPRESPSD
SPSPRESPSD
S

[H]
Figure 3 Inversion about the mean for bounded search

Let us elaborate on detail how to build U operator. It only differs with respect to the
original one in the size of the sub-space’s domains. Now each sub-space ¢ is made of N,
states. Taking these numbers into account the number of iterations at each level is:
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First search level (j = 0) ]\1\/[1,
k;] ~  Intermediate search levels Jjj,;ﬂ]jf

Last search level (i =n—1) N; — N;

Where Nj; is the number of states in the sub-space of the previous search and M is the
number of solutions at i*" level within the range of states.

The following step gathers all these searches into a Upoyndeq Operator and then r iterations
of the following circuit are required:

((QUBounded |0€7) (0™ U;ounded - I) : OTGCl@)T

Again, the number of iterations r to be performed, assuming there are [ levels to search, are:

Mi171
e @

Where M! —and M } are the solution at the level before the last, and the total number of

-1
solutions of the 3-SAT problem within the corresponding range, respectively. The resulting

quantum circuit would remain this way:

UBounded
n-1 [0 ; —"— e
: 7 T 1A 7
i+3  |0) * 5 — DD ot H —
. s}
w2 N T &8
i+1 0 — — D — NS L H N —
i) ' ; HOoSEeerH S B
: H | | .
N ; el |8 s Sleleaoeld §
Jj+3 |0) lg = )IC I:m 3 [ g‘w’\z VS’— S —
i+2|0) . D+4 N - g = s I -
j Bl Cass 5 S«al 18 0 .a
i+l o) = 3 DizkD| | . X IX—=1 D [
iom O S niatiBias i
2 0) 'OIC & — —*‘“"OIQ H
1 0) D+4 — H DD H —
o [0 S H o SzdlH

Figure 4 Structured quantum search bounded circuit

Section 3 includes an example of this bounded algorithm performing over a 15-variables
3-SAT problem.
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3 Example
In this section, we are going to show both searches solving the next 3-SAT problem:

(9614,CU137551279611,£U107559,%8,557,%67%57%4,%3,%2,9017%0) =

(x7 VT1o Vx12) A (s V213V T12) A (23 V T10 V x14) A (11 V 23 V 27) A (T7 V T11 V T13)A
(Ts VT VT13) A (23 Vag Vay) AagVarVas) A(T3 VT Va) A @ VIV Tig)A
(x5 VarVaoiz) A1 VT VT12) A(T1VTgVwiz) ATV TgVTiz) A (T Vs V Tg)A
(x2a VEZ VT13) A (25 V11 V 213) A (25 V 26 VT12) A (T3 V Tg V T11) A (T3 V Tg V T1g) A
(TTVasVag) ATV asVTiL) ATz VTV o) AlxgVasVTig) ATV ayVITE)A
(TIVTEVTE) AT Ve Veu) AN(TTVT; VT AT VT Vag) A(TTV as VTiz)A
(TgVaxn VT) Az Von VIg) A (@3 Vaoa VI) A (Ts VI VI) A (w3 VT V Tg)A
(x1 Vaa Vo) AN(TsVTg Vi) AT VT VT Az VT3 Var)A(xe VTg VITg)A
(To VI VT0) A (T3 VTV T3) Alag Vg Va) A (TzVar Vag) A(xsVagVIr)A
(xaVar Vo) A(esVar Vo) ATz Var VTg) A(xs Vae VT) A(TgVas Vo)A

( YA (Te VT1o VT13) A (T2 VT VT A (T VI7 V T14)A
(x4 VagVT12) AN(T5 VT VT9) A(Tg VoV ae)A(ToVarVTIig) ATz VTV zg)A
(TaVasVas)AN(TogVasVTia) ATz VasVaer)A(xy VasVT;) Az VIz VIER)A

(To V29 VT1g) A (T1VT10 VILL) A (TL VT VIg) A (22 VT3 VT6) A (21 VIV T1g)A
(x1 VaszVaxg) A(xoVTgVTs) A(T7VTgVTiz) A(xo Va2 V) A(Ts VxoVTis)A
(xaVaaVas) AN (TogVILVT2) A (22 VI3V TL) A (T2 VT3 VI A (T2 Va3 VIL)A

(

.134\/$6\/$8)/\($76\/$712\/$14

xre V X7 \/$8)

This problem has the following characteristics:
15 variables
81 clauses
density = 5.4
1 solution

3.1 Structured quantum search

Let us consider two different levels of search for the sake of better illustrating how this

strategy works:

1. One with the first level in i=8 (z7,..., ) and the last level in i=14 (z14,...,0).

2. Another one with the first level in i=6 (zs, . .., %), an intermediate one in i=9 (xs, ..., o)
and the last in i=14 (214, ...,20).

Qiskit[] is a well known SDK open-source to work on quantum computers that has been used to

run our circuits. In particular Aer modulus together with the back-end statevector _simulator

have been used both to simulate and to get probability amplitudes of the quantum states.

3.1.1 Casel

For this first case the number iterations to execute at each level are:
kg = 2
]f14 == 8
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v = Iterations =3-(2+8) =30
128 The resulting circuit for U operator can be seen here:

q1848,4

q1848,5

q1848,,

q1848;;

q1848,0

q1848,

q1848,

q1848; —
q1848; —-
q18485 —
91848, —
q1848; —
q1848, —
q1848, —
q1848, —

7 Figure 5 Quantum circuit of U (Case 1)

120 The whole structured quantum search circuit remains this way:

q1860,4 .— -— -—
q1860,5 .—- .—- .—-
q1860;; -— -— -—
q1860;; ._ ._ ._
4186050 .— .— .—
q18605 X — - x —| x|
q1860; .— .—- .—
41860, .— .— .—
18605 X X X
418605 .— .— .—
91860, .— .— .—
q1860; .— .— .—
41860, X — .— .—
41860, .— .— .—
1860, ol —l— i
"' Figure 6 Structured search circuit (Case 1)
130 The outcome of this quantum circuit shows that with an almost 1 probability the solution

131 state will be:

2471 eeeleelleloelll 1881355361891372e-85-2.3606415301589274e-177)
2472 eealeallaloless 08248320327086382334-1.715709373806624e-167)
2473 Bealoalialoleal 0824232032708638248-2.1223291948499316e-167)

2474 foglealialelale 092483283276038226-1.928865216466132e-167)

(-1.

(-8.

(-8.

(-9.
2475 000100110181611 (-@.9988777765287303+1.6876752085501068¢-137) !
2476 Booloe110101100 -1.1 e-05- e-173

(-1.

(-1.

(-1.

(-1.

2477 @ealealialellsl 1881355361887867e-85-1.6333328467863675e-177)
2478 @ealealielellle 1881355361851413e-85-2.52768361332744082-177)
2479 eeeleellelsllll 188135536196731e-85-2.42123429884463752-177)
2480 eeeleellallecoe 1881355361885531e-05-2.63791488868000732-17])

" Figure 7 Probability amplitude of the solution state (Case 1)

132 3.1.2 Case 2

133 In this second case the number of iterations per level would be:
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130 m kg =1
s om kg =1
13 m kig =6
1w om =3

s m Iterations=3-(1+1+6)=24

139 The corresponding U operator:

4192014

q1920,3

41920,

q1920,;

q192010

419204

419204

q1920;

419206

q19205 —
q1920, —
19203 —
41920, —
q1920; —
19200 —

" Figure 8 Quantum circuit of U (Case 2)

140 Finally the whole structured quantum search circuit is:

193014

q193013

919301,

91930,

q193050

q19305

q19305

91930,

419305

919305

1930,

91930,

91930,

91930,

41930, __._{;_._

(IITTIITITIILLL,

[ILIITIITIILIIL,
(LIITIITIITIIIL)

7 Figure 9 Structured search circuit (Case 2)

141 Once it has been executed, again with an almost 1 probability, the solution state will be:



142

143

144

145

146

147

148

149

150

151

152

153

154

Bounded structured quantum search for 3-SAT

2471 820108116108111 (-2.7555118398844728e-17+3 .2536432654457402-177)
2472 8001081108161609 (-©.8983918437148830211-2.862817494515362e-167 )
2473 000109116101601 (-©.80839184371480300635-2 . 89873440885412176e-167)
2474 pee1ee11e101618 (-©.00930184371480307855-2.9253309243776762-167)
| 2475 000100116101811 (-8.9999842670145771+1.4585895119581795e-147 )
2476 Boolool10161100 T-e. 6. e-173)
2477 000108110101101 (-8.80815672748502137082-6.7377303760011532-177)
2473 #20108110101110 (-2.8081567274850213013-7.4822749413208632e-177)
2479 #20108116181111 (-2.3643818183107452-17+3.584460054825546e-177 )
2488 000109116116609 (-1.8967299683808878e-17+3.292148512807732e-177)

Figure 10 Probability amplitude of the solution state (Case 2)

3.2 Bounded structured quantum search

In this example we have shared the levels with previous second case. Ranges per sub-space
are so defined:

= First sub-space (zs,...,29) — [20, 51]

= Second sub-space (zs,...,xq) — [0,7]

m Third sub-space (214, ...,29) — [0, 31]

The number of iterations per level to be executed are:

m kg =1
m kg =2
m kg =4
- =2

= Iterations =2-(1+24+4)=14

The circuit for U operator is:
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q234414

q234413

42344y,

q23441,

q23444,

q2344,

42344,

q2344;

q23445

q23445

q2344,

q2344;

q2344,

q2344,

423440

q234414

q234413

42344y,

q23441,

q234410

q2344,

423445

q2344;

423445

q2344s

42344,

q2344;

q2344,

q2344,

q2344,

q234414
9234445
423441,
q23441,

q234410

q2344,

q23445

q2344;

423445

q2344s

42344,

q2344;

q2344,

q2344;

q2344,

7 Figure 11 Quantum circuit of U (Bounded)

155 The whole quantum bounded structured circuit is:
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223544
q2235,3
G2235:,
q2235,,
4223540
2235,
22355
42235,
422356
22355
q2235,
q2235;
2235,

2235,

Figure 12 Structured search circuit (Bounded

ILIILIITIIITILT,

IITIIIITIIIILL,

~—

To finish with, ... with an almost 1 probability the solution state will be:

(9.8815115278238288174-58.518014884868187e-17])

(-8.091247009794652182+3.0649526650641827e-167 )

(-2.812472807946521855+2 . 8206686338160475e-16])
-98.612470897946521833+2.9487085486664363e-167 )

964420308566682+4.2519836962786826e-147)

2471 200108116180111
2472 008128110181082
2473 ea8128116181681
2474 209106116101618

|2475 eaglaalleislell
7476 Booleo116161160
2477 ea8128116181181
2478 02@128110181112
2479 208186116181111
2438 0081208110110082
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